The Toda oscillator model gives a true description of the intensity fluctuations of a laser. We use this model to study lasers with strongly developed relaxation oscillations. Using a separation of time scales, we focus on the theoretical and experimental investigation of the instantaneous relaxation oscillation frequency and damping rate. As an experimental system, the Nd 3ϩ :YVO 4 laser is used.
INTRODUCTION
An essential ingredient of standard laser theory is that the intensity fluctuations are strongly damped above threshold. However, many lasers, such as rare-earthdoped solid-state lasers and most semiconductor lasers, do not have stable intensities but exhibit relaxation oscillations that are driven by fluctuating spontaneous emission. To first order, these oscillations are well described by linearization about the point of intensity stabilization, but once the oscillations become stronger, this approximation is stretched beyond its validity range. In this paper we analyze the relaxation oscillations by using the Toda model. This model is a generalization of standard laser theory, and is particularly well suited for our purpose. Although the theory of the Toda oscillator has been known for some time in the context of laser physics, 1, 2 we present here what is to our knowledge the first experimental work carried out with this model specifically in mind.
Generally speaking, lasers with relaxation oscillations have relatively slow inversion decay rates. These lasers are commonly known as class B lasers, which are distinguished from class A lasers by their fulfilling the condition ⌳ ϭ ⌫ c /␥ 1 Ͼ 1, where ⌫ c and ␥ 1 are the cavity and inversion decay rates, respectively. 3 Since the relaxation oscillations are driven by spontaneous emission noise, they are relatively strong if the fraction ␤ of spontaneous emission going into the lasing mode is large. Especially in the regime ⌳␤ տ 1, recent study 4, 5 shows that the intensity fluctuations can become as large as the mean intensity. Since ␤ is inversely proportional to the cavity size, 6 this regime is reached by reducing the size of the laser.
To gain an understanding of the intensity fluctuations described above, we employ the Toda oscillator model. By rewriting the laser rate equations, we map the problem onto that of a mechanical oscillator consisting of a single particle trapped in a so-called Toda potential 7 ; the particle is set into oscillation by noise. One of the key concepts of this model is the pseudo energy, which is a measure for the depth of the relaxation oscillations and which is almost conserved in a weakly damped system. The introduction of this quantity allows for a separation of the photon and inversion dynamics into fast-relaxation oscillations with an amplitude that evolves slowly in time.
ANHARMONIC OSCILLATOR
Most laser theories apply to class A lasers, which fulfill the condition ⌳ ϭ ⌫ c /␥ 1 Ͻ 1. The difference between class A and class B lasers becomes apparent when the time evolution of the lasers is studied. In class A lasers, the inversion is sufficiently fast to be adiabatically eliminated, and it is thus slaved to the photon number. In class B lasers, on the other hand, the inversion and photon numbers oscillate approximately out of phase in potentially strong relaxation oscillations.
This noise behavior is usually strongest in small lasers, but in spite of the very smallest lasers' being semiconductor lasers, these are not yet small enough to fulfill the noise criterion ⌳␤ տ 1 (although it is believed that they will reach this regime in the near future 5, 8, 9 ). The Nd 3ϩ :YVO 4 laser, however, does satisfy the above condition when made sufficiently small and lossy. This is due to its extremely slow upper-level decay rate ␥ 1 . Such a Nd 3ϩ :YVO 4 laser, which has a four-level scheme as depicted in Fig. 1 , will be the experimental basis of this paper.
The Toda model is based on a second-order differential equation that can be deduced easily from the rate equations if either the optical field or the polarization is adiabatically eliminated (the so-called bad-cavity or goodcavity approximations). In our case, we eliminate the polarization (see Section 5 for justification) to obtain the four-level rate equations 
where ␥ ro (n) and ro (n) are the instantaneous relaxation-oscillation damping and frequency. The Langevin noise source f(t) represents the fluctuations in the spontaneous emission rate, acting only on n(t). Equation (2a) is similar to the equation for a noise-driven, damped harmonic oscillator except for three important differences. For one, the damping rate ␥ ro (n) is a function of the instantaneous photon number n. Similarly, the anharmonic restoring force ro 2 (n) is also a function of n. Finally, there is an additional term proportional to (dn/dt) 2 that generates higher-order harmonics. A first-order solution can be found by assuming that (n Ϫ n 0 ) Ӷ n 0 so that the relaxation-oscillation damping and frequency remain approximately constant. This gives the linearized forms for the two rates:
where M ϭ 1 ϩ ␤n 0 is equivalent to a pump parameter when the laser is sufficiently far above threshold. Far above threshold, the first term of Eq. (3a) can be neglected, and the relaxation-oscillation damping rate is set by the lower level decay rate ␥ 2 if ␥ 2 Ӷ ⌫ c ; in this case the definition of a class-B laser changes from
From here on, the standard route is to reduce the problem to that of a simple harmonic oscillator by using the linearizing assumption underlying Eqs. (3), which also implies that (dn/dt) 2 is negligible as compared with the (d 2 n/dt 2 ) term in Eq. (2a). In this paper, we show how one can go beyond this standard route.
PSEUDOENERGY
In order to find (semi-)analytical solutions of Eqs. (2), it is advantageous to introduce the anharmonic Toda potential. This potential is found by rewriting Eq. (2a) in terms of a coordinate q ϭ ln(n/n 0 ), and by neglecting, for the time being, the noise and damping contributions in this equation. This yields
where the Toda potential V(q) is defined as
and where V(q ϭ 0) ϭ 0 is the minimum. Note that of the three nonlinearities mentioned before, the first one ͓␥ ro (n)͔ has been neglected, the second has been removed through the coordinate transformation, and the third is incorporated into the nonlinearity of the Toda potential. The Toda potential has been plotted in Fig. 2 . As one can see, it is asymmetric as well as anharmonic. In Fig. 2 (a) it has been plotted in terms of the coordinate q, whereas Fig. 2 (b) shows the potential in terms of the photon number to indicate how the photon dynamics will be affected. After the Toda potential is defined, a quantity called the pseudoenergy W is introduced as
where the first and second terms are the kinetic and potential pseudoenergies, respectively. The expression
Ϫ1 plays a role equivalent to mechanical mass, where ro is the linearized relaxationoscillation frequency introduced in Eq. (3b). The pseudoenergy is a measure for the fluctuations in relative intensity or q; each value of the pseudoenergy W corresponds to a specific relaxation-oscillation depth, frequency and waveform. As long as the relaxation oscillations are neither damped nor driven, this pseudoenergy will remain constant. This means that the time development of the pseudoenergy W, which is on the time scale of the relaxation-oscillation damping rate ␥ ro , can be seen entirely separate from the individual oscillations that evolve on the much faster time scale of the relaxationoscillation frequency ro . It is this separation of W from q that simplifies the problem sufficiently to yield (semi-) analytical solutions beyond the linearized regime. An example of the separation of time scales can be seen in Fig. 4 below, where typical time traces for both intensity and pseudoenergy have been plotted.
DAMPING AND OSCILLATION RATE
The relaxation-oscillation damping rate can be found relatively straightforwardly in the limit of small fluctuations. In this case, the Toda potential can be rewritten as a harmonic potential V(q) ϭ e q Ϫ q Ϫ 1 Ϸ 1 2 q 2 and the coordinate q can be reformulated as the photon number deviation from the steady-state value ͓q ϭ ln(n/n 0 ) Ϸ (n Ϫ n 0 )/n 0 ͔. With this approximation, it is no surprise that the autocorrelation function of the pseudoenergy can be written as
where ␥ ro is the linearized relaxation-oscillation damping rate as defined in Eq. (3). Although Eq. (7) was found in the limit of small, linearized fluctuations, below we use the agreement with experimental results to show that this equation also applies in the case of large fluctuations. One of the key points in this paper is that it is, in general, impossible to deduce the relaxation-oscillation damping rate from a measurement of the intensity noise spectrum alone. The reason for this is the anharmonic nature of the (Toda) potential, or equivalently the dependency of ro on photon number. The increase of the relaxation-oscillation period t c with modulation depth can be expressed as (see Eq. 2.20 in Ref. 1)
In the spectral domain the nonconstant oscillation period leads to a broadening ␦ ro of the principal harmonic. Restricting ourselves to the first order, we obtain a rough estimate for this broadening:
where the time-averaged pseudoenergy is given by
The broadening ␦ ro comes in addition to the intrinsic spectral width caused by the damping of the relaxation oscillations.
SETUP AND EXPERIMENTAL PARAMETERS
For the experiments, we used a Nd 3ϩ :YVO 4 chip with a thickness of Ϸ100 m and a doping of 1% atomic Nd 3ϩ together with various outcoupling mirrors (see Fig. 3 ). On one side the crystal was coated to be highly reflective at 1064 nm and antireflective at 808 nm, while on the opposite facet it had a 1064 nm antireflection coating. All experiments described here were conducted with the Nd 3ϩ :YVO 4 laser operating in a single transverse and longitudinal mode. Single-mode operation was easily achieved owing to the short length of the cavity and the strong curvature of the mirror. This ensured large longitudinal and transverse mode splitting. In addition, the spatial confinement of the pump strongly favored the TEM 00 mode. Since we are interested in the effect of the magnitude of the spontaneous emission factor ␤ on the laser noise, we varied the optical cavity length from Ϸ300 m to Ϸ1200 m (here we have accounted for a crystal refractive index of n e ϭ 2.17 at 1064 nm). The mirror depicted in Fig. 3 had the edges ground away to leave only a small platform; this enabled us to make the air section of the cavity very short (Ϸ75 m at the shortest). The mirror was concave with a radius of curvature of 25 mm and had a reflectivity of 80% at the lasing wavelength.
We pumped the laser with an intensity-stabilized titanium-sapphire laser at 809 nm. The relative noise of this pump was below 0.1% rms, which is effectively negligible (in particular since the fluctuation bandwidth of the pump laser was 5 kHz, i.e., much smaller than ro /2 Ϸ 10 MHz; for a more detailed discussion see Ref. 4 ). Owing to the relatively large energy splitting of the levels, the effect of thermal photons was also negligible.
The data were collected with a LeCroy 9450 digital oscilloscope and a Tektronics 2712 spectrum analyzer. The oscilloscope could record as many as 50,000 intensitytime points; its time window was chosen to measure a minimum of 20 points per oscillation cycle. As many as 20 separate time traces were taken for each pump value, and the data presented below are averages of these results.
We established the following laser parameters for use in the rate equations: The Nd 3ϩ fluorescence at 1064 nm had an almost Lorentzian spectrum with a width (FWHM) of ␥ Ќ / ϭ 0.22(2) THz. This is much larger than the cavity decay rate ⌫ c , thus validating the adiabatic elimination of the polarization that we described in Section 2. The value of ␤ was found directly from the output versus input power curve, 4 while the product ⌫ c ␥ 1 was determined from the linearized relaxation-oscillation frequency ro [see Eq. 3(b)]. The upper-level decay rate was measured directly from the fluorescence decay and was found to be ␥ 1 ϭ 1.3(1) ϫ 10 4 s Ϫ1 . Another important variable is the lower-level decay rate ␥ 2 , for which Refs. 10 and 11 quote values in the range of 1 -2 ϫ 10 9 s Ϫ1 . The lower-level decay rate ␥ 2 that we obtained by fitting Eq. (7) to the experimental data reported in Section 6 was found to be in reasonable agreement with literature. 12 
EXPERIMENTAL RESULTS
Our experimental results are based on high-quality time traces, from which the pseudoenergy can be calculated by use of Eq. (6) . Since the pseudoenergy W changes on a very slow time scale as compared with the photon number, it is not necessary to calculate it for all intensity points. Instead, we have chosen to extract W only at the relaxation-oscillation extrema (peaks and troughs). At these points all the pseudoenergy is stored in the oscillator as potential energy and it can thus be easily found. A section of a typical time trace for the oscillating laser intensity and the calculated pseudoenergy is displayed in Fig. 4 . As a consequence of its being a measure for the relaxation-oscillation depth, the pseudoenergy also dictates the frequency and the shape of the oscillations, which become anharmonic when the pseudoenergy becomes large. This relationship is illustrated in Fig. 5 , where we have plotted two sections of Fig. 4 with different pseudoenergies (see figure caption for details). For comparison, the dashed curves depict the theoretical curves given by Eq. (4) and solved with an iterative solution method. The relaxation oscillations are clearly well described by the theoretical framework. Figure 5(a) demonstrates the almost harmonic nature of the oscillations in the limit of weak modulations; Fig. 5(b) shows how the oscillations become slower and more anharmonic as the pseudoenergy increases. The frequency reduction at increased modulation depth was found to be consistent with the theoretical predictions [Eq. (9) predicts that oscillations with W ϭ 1 should be ϳ8% slower than for
The magnitude of the intensity fluctuations depends on the laser size and pump strength. This dependence is shown in Fig. 6 , where the average pseudoenergy W has been plotted for two different cavity lengths: a short cavity with a length l Ϸ 300 m and ␤ ϭ 9.9 ϫ 10 Ϫ6 , and a long cavity with l Ϸ 1200 m and ␤ ϭ 2.3 ϫ 10 Ϫ6 . Note how the average pseudoenergy W starts at Ϸ1 at the lasing threshold and gradually drops for increasing pump strength. As might be expected from Section 1, the laser with the short cavity is noisier than the long-cavity laser (see Fig. 6 ). This is due to a relatively large factor ⌳ ␤ ϭ 1.05, thus putting this laser further into the class B regime than the long-cavity laser (⌳ ␤ ϭ 0.28). As discussed in connection with Eq. (3), we have used ⌳ ϭ ␥ 2 /␥ 1 instead of ⌳ ϭ ⌫ c /␥ 1 in our description of the class B behavior. The pseudoenergy (thick curve) is related to the relaxationoscillation amplitude; it changes on the time scale of the relaxation-oscillation damping, which is slow compared with the oscillation frequency. (10)]. The parameters used for the theoretical curves were obtained from separate experiments. The triangles and the dashed curve correspond to a cavity with a length of Ϸ300 m; the squares and the solid curve represent a cavity with a length of Ϸ1200 m.
We mentioned above (Section 4 and discussion of Fig. 5 ) that the relaxation-oscillation damping rate cannot be found directly from the intensity spectrum. Instead we deduce this damping rate by using the Toda oscillator model. We start with analyzing the dynamics of the pseudoenergy by calculating its time autocorrelation from time traces like the one shown in Fig. 4 . A typical result is plotted in Fig. 7 together with a fit using Eq. (7). From autocorrelation time traces such as the one plotted in Fig.  7 , estimates for the relaxation-oscillation damping rate ␥ ro were obtained.
For each pump value, we averaged over the estimates for ␥ ro to plot the relaxation-oscillation damping rate as a function of pump strength (see Fig. 8 ). Although Eq. (7) and Eq. (3a) have been proved only in the weakoscillation regime, we nevertheless find that theory compares favorably with the experimental results in all regimes. Since we have used only the envelope of the oscillations to find the damping rate, the result is not affected by other factors such as anharmonicity. Figure 8 deserves some further discussion; it shows the measured relaxation-oscillation damping rate as a function of the pump parameter M for the two cavity configurations described in connection with Fig. 6 . One might conclude that the damping rate could be obtained by measuring the width of the principal harmonic of the intensity spectrum. However, this measurement is misleading, since the harmonic is broadened through the varying oscillation frequency. While the open circles represent the spectral measurement, the solid circles show the damping obtained when the Toda oscillator approach is used. It is the separation of time scales that has allowed us to find the true damping rate, since it is now insensitive to the amplitude dependence of the relaxation-oscillation frequency. We note that this separation is very robust (provided that ro ӷ ␥ ro ) and works far into the nonlinear regime, i.e., also for W Ϸ 1.
However, theoretical complexities make it difficult to go formally beyond the expansion in Eq. (8) . Also, ␥ ro quickly increases when approaching threshold (from above), leading to violation of the condition ro ӷ ␥ ro .
By calculating the difference between the two damping rates depicted in Fig. 8 , we obtain a quantitative estimate for the broadening in the intensity noise spectrum caused by the amplitude dependency of the oscillation frequency. This experimental result can then be compared with Eq. (9), which gives a rough estimate of the additional width of the principal harmonic. The theoretical estimate is based on the first-order expansion of Eq. (8), and is in qualitative agreement with the broadening (see Fig. 9 ), without using any free parameters. As can be seen from the graph, both the overall magnitude and the peak shift have been qualitatively accounted for. The extra broadening ␦ ro is largest for intermediate pump strengths [see also Eq. (9)] where both W and ro are sizeable. Comparing the results for the different cavity lengths, we find that if the laser is relatively small, the broadening ␦ ro remains large until further above threshold. This is an example of how class B properties manifest themselves more strongly in small lasers. 9 . Broadening of the main harmonic due to the pseudo energy dependency of the oscillation frequency, here for two different cavity lengths of the laser. Data points were obtained by subtracting the width as given by linearized theory from the measured width of the principal harmonic. As in Fig. 6 , the curves represent theoretical estimates for which the parameters have been separately obtained. (a) Short-cavity results (l Ϸ 300 m); (b), long-cavity results (l Ϸ 1200 m).
CONCLUDING DISCUSSION
We have made a first theoretical and experimental study of a laser operating in the Toda oscillator regime. The Toda oscillator model describes the dynamics of the system through the separation of time scales. These time scales correspond to the relaxation-oscillation frequency and damping rate, and their separation allows for a study of the damping rate without contributions from frequency variations. In addition, the model has been applied succesfully to estimate the noise strength in the laser and to describe the anharmonic shape of the deep oscillations. We have emphasized the importance of laser size for the intensity fluctuations; extreme class B properties such as deep intensity modulations are stronger in small laser systems and are observed until further above threshold.
